Introduction
As Heisenberg relations or equations in quantum field theory are known a kind of commutation relations between the field operators and the generators (of a representation) of a group acting on system's Hilbert space of states. Their (global) origin is in equations like
which connect the components ϕ i and ϕ ′ i of a quantum field ϕ with respect to two frames of reference. Here U is an operator acting on the state vectors of the quantum system considered and it is expected that the transformed field operators ϕ ′ i can be expressed explicitly by means of ϕ i via some equations. If the elements U (of the representation) of the group are labeled by b = (b 1 , . . . , b s ) ∈ K s for some s ∈ N (we are dealing, in fact, with a Lie group), i.e. we may write U (b) for U , then the corresponding Heisenberg relations are obtained from (1.1) with U (b) for U by differentiating it with respect to b ω , ω = 1, . . . , s, and then setting b = b 0 , where b 0 ∈ K s is such that U (b 0 ) is the identity element.
The above shows that the Heisenberg relations are from pure geometric-group-theoretical origin and the only physics in them is the motivation leading to equations like (1.1). However, there are strong evidences that to the Heisenberg relations can be given dynamical/physical sense by identifying/replacing in them the generators (of the representation) of the group by the corresponding operators of conserved physical quantities if the system considered is invariant with respect to this group (see, e.g. the discussion in [1, § 68] ).
In sections 2-4, we consider Heisenberg relations in the non-bundle approach. At first (section 2), we derive the Heisenberg relation connected with the Poincaré group. Then (section 3) the Heisenberg relations arising from internal transformation, which are related with conserved charges, are investigated. At last, in section 4 are considered the Heisenberg relations in the most general case, when three representations of a group are involved. In section 5 are investigated the Heisenberg relation on the ground of fibre bundles. Section 6 closes the paper.
The Poincaré group
Suppose we study a quantum field with components ϕ i relative to two reference frames connected by a general Poincaré transformation
Here x is a point in the Minkowski spacetime M , u and u ′ are the coordinate homeomorphisms of some local charts in M , Λ is a Lorentz transformation (i.e. a matrix of a 4-rotation), and a ∈ R 4 is fixed and represents the components of a 4-vector translation. The "global' version of the Heisenberg relations is expressed by the equation
where U (resp. D) is a representation of the Poincaré group on the space of state vectors (resp. on the space of field operators),
is the mapping (resp. the matrix of the mapping) corresponding via U (resp. D) to (2.1). Note that here we have rigorously to write ϕ u,i := ϕ i • u −1 for ϕ i , i.e. we have omitted the index u. Besides, the point x ∈ M is identified with x = u(x) ∈ R 4 . Since for Λ = 1 1 and a = 0 ∈ R 4 is fulfilled u ′ (x) = u(x), we have
where id is the corresponding identity mapping and 1 1 stands for the corresponding identity
, with η µν being the components of the Lorentzian metric with signature (− + ++), and define
The particular form of the numbers I i jµν depends on the field under consideration. In particular, we have
for spin-0 (scalar) field (2.5a)
2) relative to a µ and setting after that (Λ, a) = (1 1, 0), we find 6) where [A, B] := AB − BA is the commutator of some operators or matrices A and B. Since the field theories considered at the time being are invariant relative to spacetime translation of the coordinates, i.e. with respect to x → x + a, further we shall suppose that
In this case equation (2.6) reduces to
Similarly, differentiation (2.2) with respect to Λ µν and putting after that (Λ, a)
where x µ := η µν x ν . The equations (2.8) are identical up to notation with [1, eqs.(11.70) and (11.73)]. Note that for complete correctness one should write ϕ u,i (x) instead of ϕ i (x) in (2.8), but we do not do this to keep our results near to the ones accepted in the physical literature [2] [3] [4] .
As we have mentioned earlier, the particular Heisenberg relations (2.8) are from pure geometrical-group-theoretical origin. The following heuristic remark can give a dynamical sense to them. Recalling that the translation (resp. rotation) invariance of a (Lagrangian) field theory results in the conservation of system's momentum (resp. angular momentum) operator P µ (resp. M µν ) and the correspondences
with being the Planck's constant (divided by 2π), one may suppose the validity of the Heisenberg relations
However, one should be careful when applying the last two equations in the Lagrangian formalism as they are external to it and need a particular proof in this approach; e.g. they hold in the free field theory [3, 5] , but a general proof seems to be missing. In the axiomatic quantum field theory [2, 6, 7] these equations are identically valid as in it the generators of the translations (rotations) are identified up to a constant factor with the components of the (angular) momentum operator, P µ = i T µ (M µν = i S µν ).
Internal transformations
In our context, an internal transformation is a change of the reference frame (u, {e i }), consisting of a local coordinate system u and a frame {e i } in some vector space V , such that the spacetime coordinates remain unchanged. We suppose that e i : x ∈ M → e i (x) ∈ V , where M is the Minkowski spacetime and the quantum field ϕ considered takes values in V , i.e. ϕ : x ∈ M → ϕ(x) = ϕ i (x)e i (x) ∈ V Let G be a group whose elements g b are labeled by b ∈ K s for some s ∈ N. 1 Consider two reference frames (u, {e i }) and (u ′ , {e ′ i }), with u ′ = u and {e i } and {e ′ i } being connected via a matrix I −1 (b), where I :
The components of the fields, known as field operators, transform into (cf.
where U is a representation of G on the Hilbert space of state vectors and U :
. Now the analogue of (2.2) reads
due to u ′ = u in the case under consideration. Suppose b 0 ∈ K s is such that g b 0 is the identity element of G and define
where b = (b 1 , . . . , b s ) and ω = 1, . . . , s. Then, differentiation (3.2) with respect to b ω and putting in the result b = b 0 , we get the following Heisenberg relation
or, if we identify x ∈ M with r = u(x) and omit the subscript u,
To make the situation more familiar, consider the case of one-dimensional group G, s = 1, when ω = 1 due to which we shall identify b 1 with b = (b 1 ). Besides, let us suppose that
for some C 1 function f . Then (3.5) reduces to
where
db . In particular, if we are dealing with phase transformations, i.e.
The considerations in the framework of Lagrangian formalism invariant under phase transformations [2] [3] [4] implies conservation of the charge operator Q and suggests the correspondence (cf. (2.9) )
which in turn suggests the Heisenberg relation
We should note that this equation is external to the Lagrangian formalism and requires a proof in it [5] .
The general case
The corner stone of the (global) Heisenberg relations is the equation
representing the components ϕ ′ u ′ ,i of a quantum field ϕ in a reference frame (u, {e ′ i = A i j e j }) via its components ϕ u,i in a frame (u, {e i }) in two different way. Here A = [A j i ] is a non-degenerate matrix-valued function, r ∈ R 4 and ϕ u,i := ϕ i • u −1 . Now, following the ideas at the beginning of section 1, we shall demonstrate how from the last relation can be derived Heisenberg relations in the general case.
Let G be an s-dimensional, s ∈ N, Lie group. Without going into details, we admit that its elements are labeled by b = (b 1 , . . . , b s ) ∈ K s and g b 0 is the identity element of G for some fixed b 0 ∈ K s . Suppose that there are given three representations H, I and U of G and consider frames of reference with the following properties:
and any change {e i } → {e ′i = A i j e j } of the frames in V is such that A −1 (x) = I(b) for all x ∈ M and some b ∈ K s .
U
, where U (b) is an operator on the space of state vectors, and the changes (u, {e i }) → (u ′ , {e ′i }) of the reference frames entail (1.1) with U (b) for U .
Under the above hypotheses equation (4.1) transforms into
which can be called global Heisenberg relation in the particular situation. The next step is to differentiate this equation with respect to b ω , ω = 1, . . . , s, and then to put b = b 0 in the result. In this way we obtain the following (local) Heisenberg relation
where 
In this setting the Heisenberg relations corresponding to Poincaré transformations (see subsection 2) are described by b → (Λ µν , a λ ),
. The case of internal transformations, considered in the previous subsection, corresponds to H b = id R dim M and, consequently, in it ∆ ω (r) ≡ 0 and h ω = 0.
Fibre bundle approach
Suppose a physical field is described as a section ϕ : M → E of a vector bundle (E, π, M ). Here M is a real differentiable (4-)manifold (of class at least C 1 ), serving as a spacetime model, E is the bundle space and π : M → E is the projection; the fibres π −1 (x), x ∈ M , are isomorphic vector spaces.
Let (U, u) be a chart of M and {e i } be a (vector) frame in the bundle with domain containing U , i.e. e i : x → e i (x) ∈ π −1 (x) with x in the domain of {e i } and {e i (x)} being a basis in π −1 (x). Below we assume x ∈ U ⊆ M . Thus, we have
and ϕ i (x) are the components of the vector ϕ(x) ∈ π −1 (x) relative to the basis {e i (x)} in π −1 (x). The origin of the Heisenberg relations on the background of fibre bundle setting is in the equivalent equations
Similarly to subsection 4, consider a Lie group G, its representations I and U and reference frames with the following properties: 
We can rewire the Heisenberg relations obtained as
One can prove that the r.h.s. of this equation is independent of the particular frame {e i } in which it is represented. The case of Poncaré transformations is described by the replacements b → (Λ µν , a λ ), U ω → (S µν , T λ ) and I j iω → (I j iµν , 0) and, consequently, the equations (5.4) and (5.4 ′ ) now read
Hence, for instance, the Heisenberg relations (5.5) now takes the form (cf. (2.8))
Respectively, the correspondences (2.9) transform these equations into
which now replace (2.10). Since equation (2.10a) (and partially equation (2.10b)) is (are) the corner stone for the particle interpretation of quantum field theory [3] [4] [5] , the equation (5.10a) (and partially equation (5.10b)) is (are) physically unacceptable if one wants to retain the particle interpretation in the fibre bundle approach to the theory. For this reason, it seems that the correspondences (2.9) should not be accepted in the fibre bundle approach to quantum field theory, in which (2.8) transform into (5.9). However, for retaining the particle interpretation one can impose (2.10) as subsidiary restrictions on the theory in the fibre bundle approach. It is almost evident that this is possible if the frames used are connected by linear homogeneous transformations with spacetime constant matrices, A(x) = const or ∂ µ A(x) = 0. Consequently, if one wants to retain the particle interpretation of the theory, one should suppose the validity of (2.10) in some frame and, then, it will hold in the whole class of frames obtained from one other by transformations with spacetime independent matrices.
Since the general setting investigated above is independent of any (local) coordinates, it describes also the fibre bundle version of the case of internal transformations considered in section 3. This explains why equations like (3.4) and (5.5 ′ ) are identical but the meaning of the quantities ϕ u,i and I which is also a consequence from (5.7) and (3.9).
Conclusion
In this paper we have shown how the Heisenberg equations arise in the general case and in particular situations. They are from pure geometrical origin and one should be careful when applying them to the Lagrangian formalism in which they are subsidiary conditions, like the Lorentz gauge in the electrodynamics. In the general case they need not to be consistent with the Lagrangian formalism and their validity should carefully be checked. For instance, if one starts with field operators in the Lagrangian formalism of free fields and adds to it the Heisenberg relations (2.10a) concerning the momentum operator, then the arising scheme is not consistent as in it start to appear distributions, like the Dirac delta function. This conclusion leads to the consideration of the quantum fields as operator-valued distribution in the Lagrangian formalism even for free fields. In the last case, the Heisenberg relations concerning the momentum operator are consistent with the Lagrangian formalism. Besides, they play an important role in the particle interpretation of the so-arising theory.
